I study a generalized version of a continuous forest-fire model introduced by K. Chen, P. Bak, and M. Jensen (Phys. Lett. A 149, 207 (1990)). Depending on the value of a parameter, the model shows fires of various sizes up to a cutoff size, or a superposition of small fires and fires spreading over the whole system. The phase transition between these two regimes is continuous, but is not accompanied by a diverging correlation length.
I. INTRODUCTION
During the past years, systems which exhibit self-organized criticality (SOC) have attracted much attention, since they might explain part of the abundance of fractal structures in nature [1, 2] . Their common features are slow driving or energy input (e.g. dropping of sand grains [1] , increase of strain [3] , tree growth [4] , spontaneous mutations [5] ) and rare dissipation events which are instantaneous on the time scale of driving (e.g. sand avalanches, earthquakes, fires, or a series of rapid mutations). In the stationary state, the size distribution of dissipation events obeys a power law, irrespective of initial conditions and without the need to fine-tune parameters. Various models have been claimed to be SOC, often based only on numerical data for relatively small systems, without any analytical understanding.
There is, however, no reason to expect that systems with slow driving and instantaneous avalanches are always SOC. Such systems might also have many small avalanches which release only little energy, or only large avalanches which release a finite part of the system's energy, or some combination of both. SOC systems are naturally at the critical point, due to a conservation law (sandpile model), a second time scale separation (forest-fire model),
a competition between open boundary conditions and the tendency of neighboring sites to synchronize (earthquake model [6] ), or due to the slow driving alone ( "evolution" model).
However, the critical behavior often breaks down when details of the model rules are changed (e.g. the boundary conditions in the earthquake model [6] or the tree growth rule in the forest-fire model [7] ).
There evidently exists a substantial need for better understanding the general behavior of the above-mentioned class of models. As the value of a parameter is varied, one might expect that those systems show generically states with only small avalanches and states with avalanches of the order of the system size, separated by a critical point (or a first-order phase transition). The authors of [8] follow a similar line of thought when they suggest that SOC systems become conventional critical systems when looked at from a different point of view by choosing an appropriate parameter. Although this consideration seems convincing and applies to some models, it is in general not correct. There are in fact certain parallels between the above-mentioned models and equilibrium critical systems, since both consist of many small units which interact with their neighbors, and since spin clusters in an Ising model or clusters of occupied sites in percolation theory can be compared to avalanches. However, this analogy has its limitations, since non-equilibrium systems are in many respects different from equilibrium systems. The critical behavior of nonequilibrium systems can depend on microscopic details, as mentioned above, in contrast to equilibrium critical phenomena, which commonly show universal behavior. Nonequilibrium systems do not satisfy a detailed-balance condition and can e.g. show periodic behavior. Furthermore, avalanches are usually released when some variable reaches locally a threshold, while other regions of the system might be far below the threshold, and consequently not all parts of the system look equal. This can in particular result in a correlation length which diverges slower than the system size, as in the earthquake model or in a modification of the forest-fire model [9] . By contrast, in equilibrium systems the energy is an extensive variable, which means that all regions (which are large compared to the lattice size) are equal. This is e.g. the basis for hyperscaling relations.
Due to these differences, phase transitions in driven systems with avalanche structure can show new features. One example is a recently introduced nonequilibrium percolation model, which has not just a critical point, but a finite interval of critical behavior [9] . Another example, which has a continuous phase transition, but no diverging correlation length, is presented in this paper, where I am going to discuss a generalized version of a continuous forest-fire model introduced in [10] . For small values of a parameter, the model shows only small fires, for parameter values above a critical value it shows also fires which spread over the whole system, leading to a mean dissipated energy which is proportional to the system size and which increases linearly with the distance from the transition point. Although the transition is continuous, there is a finite cutoff in fire size at the transition point.
The outline of this paper is as follows: In section II, the model is defined and some of its properties are discussed. In section III, simulation results in two dimensions are presented, and section IV contains the conclusions.
II. THE MODEL
The model is defined on a d-dimensional hypercubic lattice with L d sites. In the beginning, each site is assigned a variable E which is randomly chosen from the interval [0, E c ) and can be interpreted as "tree height" or "energy". The threshold E c is the parameter of the system and has a value larger than 1. Sites with a height between 0 and 1 are called "empty", sites with a height between 1 and E c are called "tree", and sites with a height above E c are called "burning". All heights are increased globally and very slowly. After some time, one of them reaches the threshold E c and becomes a burning tree. Fire spreads to trees on the 2d neighboring sites, and burning trees loose part of their height. After a fire has died out, all energies increase until another tree reaches the threshold height, releasing a new fire. Driving is so slow that only a negligeable amount of energy is put into the system while a fire is spreading. In the simulations, the system is not driven at all during a fire, and at the end of a fire the energy of all sites is increased by the difference between E c and the largest height in the system. The precise rules for the spreading of the fire are the following:
They are applied to each site at each time step, as long as there exist burning sites. The net effect of a fire on a tree of height E ∈ [1, E c ) is a reduction in height to the new
The distance in energy between neighboring sites therefore increases when both sites are burnt, making any kind of synchronization impossible for this model, and leading to chaotic behavior. A site can burn several times during a fire, until its height or the height of all its nearest neighbors is below 1. We define the size s of a fire as the number of sites burnt during a fire, including multiple burnings.
After a certain time, the systems reaches a stationary state with a certain mean energy and a certain size distribution of fires (averaged over either an ensemble of systems or many time steps). In this paper, we are only interested in the properties of this stationary state, and not in the transient behavior of the first time steps. Since the model is deterministic, chaotic, and dissipative, the stationary state is a strange attractor which occupies a vanishing fraction of the L d -dimensional phase space (however, due to rounding errors in the computer, the model is not completely deterministic). In the original version of the model, E c = 2 [10] , and the size distribution of fires is a power law over few orders of magnitude. Since there is no justification for this specific choice of the parameter, the generalization proposed in this paper is natural. The introduction of a second parameter E 0 characterizing the height where an empty site turns to a tree is not meaningful, since the dynamics of the system are invariant when all energies (including the thresholds) are multiplied by the same factor.
Another generalized version of [10] is studied in [11] , showing that the system is not exactly at a critical point, but has a cutoff in fire size.
When E c is equal to 1, there are only fires of size 1, since all neighbors of a site reaching the threshold are still empty. When E c is slightly above 1, sometimes neighbors of a tree reaching the threshold are between 1 and E c , and fires burning several sites can occur.
There is a cutoff in fire size which depends on E c . With increasing E c , the ratio between the number of trees and empty sites becomes larger, and the cutoff in fire size increases. We expect therefore fires spreading over the whole system, when E c is larger than some critical value E * c . By analogy to equilibrium critical phenomena, one might expect that the cutoff in fire size diverges when E * c is approached, and that the size distribution at E * c is a power law. Or, one might expect a first-order phase transition. As we shall see below, this expectation is wrong.
In the one-dimensional version of this model, at least half of the sites which have been burnt during the last fire, have a height below 1. Even for very large values of E c , there are consequently always some empty sites which hinder the fire from spreading over the whole system. The cutoff in fire size increases with increasing E c , but remains always finite. The above described transition can therefore occur only in dimensions larger than one, where fires cannot be stopped by single empty sites.
III. SIMULATION RESULTS
In two dimensions, a transition from a stationary state with only small fires to one with fires of the order of the system size is expected, when E c is increased. I performed simulations for different values of E c and of the system size L. For E c close to 1, there are only small fires, with a cutoff depending on E c . The expected transition occurs for values E c = E * c = 2.0. Fig.1 shows the size distribution of fires in the neighborhood of E c for L = 100, L = 200, and L = 400, and averaged over at least 10000 fires. For E c < E * c , the fire size distribution has a cutoff which is independent of the system size. I performed also simulations on a triangular lattice. The fire size distribution looks similar to Fig.1, and surprisingly the transition occurs also at E * c = 2.0. It seems that this value is exact and independent of the coordination number of the lattice, and probably also of the dimension.
For values E c > E * c , there is a clear change in the shape of the distribution. In addition to the small fires, there is a peak at larger fires. The position of this peak is proportional to L 2 , as can clearly be seen by looking at the curves for E c = 2.1. This peak indicates that there are fires spreading over the whole system. For smaller system sizes, the transition cannot be seen as clearly as for larger system sizes, since the peak overlaps with finite fires, when E c is close to 2. The shape of the curves for E c slightly above 2 is therefore strongly affected by finite-size effects. The simulations show also that there is no scale invariance at E * c . If the distribution were a pure power-law in the limit of infinite system size, the cutoff in finite systems would increase with increasing L. But the cutoff in fire size in Fig.1 seems to be of the order 1000, independent of L (Slight changes in the cutoff might be due to slight changes in E * c due to finite-size effects). The phase transition is therefore not accompanied by a diverging correlation length. In principle, it might be a first-order phase transition. But this seems implausible, since the strength of the peak becomes very small close to E test if the transition is indeed continuous, we have to define an order parameter. The most natural choice is the mean energy dissipated during a fire per lattice site (i.e. the energy content before the fire, minus the energy content after the fire, divided by the number of lattice sites). In the regime of small fires, this energy is exactly zero in the thermodynamic limit L → ∞; when fires spread over the whole system, this energy becomes finite. Fig.2 shows the mean dissipated energy per site for different L and E c . It can clearly be seen that the transition occurs at E c ≃ 2, and that it is continuous. The order parameter increases linearly in the distance from the critical point, the associated critical exponent being β = 1.
The data collapse especially for L = 100 is not perfect, since for finite system sizes the order parameter is not exactly equal to zero for E c < E * c . The mean energy dissipated per fire is identical to the mean energy input between two fires. Consequently the mean energy dissipated per site and per fire shown in Fig.2 is identical to the mean energy gap between the highest energy after a fire and E c .
A further interesting quantity to study is the energy distribution function. Fig.3 shows the distribution of energies P (E) in the system directly after a fire, averaged over 10000 fires, for L = 100 and for different E c . This distribution is very smooth for E ≤ E c , and becomes less smooth when E c is so far above the critical point that the fire-size distribution has a clear peak. The transition between these two regimes is continuous. Similar results are obtained for L = 400. A snapshot of the system indicates how the energies in the system are correlated. Fig.4 shows two such snapshots, one below and one above E c . Sites with E < 1 ("empty sites") are represented in black, sites with E > 1 ("trees") in white. These snapshots show no qualitative difference between systems above and below the critical point.
IV. CONCLUSION
In this paper, I have presented a model which shows a continuous phase transition without a diverging correlation length. One might suspect that the mean dissipated energy per site is not the correct order parameter, and that the phase transition is indeed of first order. This situation would be similar to the rigidity phase transition in random rod networks, where the elasticity modulus changes continuously at the phase transition, but the percentage of bonds contributing to the largest rigid cluster jumps from zero to a finite value [12] . There is, however, no quantity in the continuous forest-fire model which could be the candidate for a discontinuous order parameter.
The value E * c = 2 seems to be exact and universal, indicating that new phenomena occur beyond this point. This is best illustrated by considering a simplified model, where sites are assigned some random number between 0 and 1 after a fire. For E c ≥ 2, this model has a synchronized state, with all sites always burning down simultaneously. In our model, however, there are sites which remain trees after a fire, and complete synchronization is not possible. In some subtle way, the system feels nevertheless this possibility of synchronization.
One might expect, that the tendency to synchronize above E * c is accompanied by periodic behavior, with more and more energy being accumulated in the system while there are only small fires, until the energy content of the system reaches a critical value where a large amount of energy is released. But the simulations show no evidence at all for periodic behavior (see Fig.5 ), and more research is needed to fully understand this model. Since the order parameter increases linearly with the distance from the critical point, it might be possible to find some kind of mean-field theory which describes the model qualitatively correctly. 
